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The Ising chain in transverse field is a paradigmatic model for a host of physical
phenomena, including spontaneous symmetry breaking, topological defects, quantum
criticality, and duality. Although the quasi-1D ferromagnet CoNb2O6 has been put
forward as the best material example of the transverse field Ising model, it exhibits
significant deviations from ideality. Through a combination of THz spectroscopy and
theory, we show that CoNb2O6 in fact is well described by a different model with
strong bond dependent interactions, which we dub the twisted Kitaev chain, as these
interactions share a close resemblance to a one-dimensional version of the intensely
studied honeycomb Kitaev model. In this model the ferromagnetic ground state of
CoNb2O6 arises from the compromise between two distinct alternating axes rather
than a single easy axis. Due to this frustration, even at zero applied field domain-wall
excitations have quantum motion that is described by the celebrated Su-Schriefer-
Heeger model of polyacetylene. This leads to rich behavior as a function of field.
Despite the anomalous domain wall dynamics, close to a critical transverse field the
twisted Kitaev chain enters a universal regime in the Ising universality class. This is
reflected by the observation that the excitation gap in CoNb2O6 in the ferromagnetic
regime closes at a rate precisely twice that of the paramagnet. This originates in
the duality between domain walls and spin-flips and the topological conservation of
domain wall parity. We measure this universal ratio ‘2’ to high accuracy – the first
direct evidence for the Kramers-Wannier duality in nature.
The transverse field Ising model (TFIM) describes a
1D system of spin-1/2 moments with interactions that
favor spins aligned along an easy axis [1–7]. At small
transverse fields the ground state is two-fold degenerate
(Fig.1(a)I); the system magnetizes by picking a ground
state by the phenomena of spontaneous symmetry break-
ing. The elementary excitations of the 1D Ising magnet
are domain walls, which form between the two ground
states (Fig. 1(a)II). These are topological since their par-
ity cannot be altered by the action of any local opera-
tor. Experimental probes like THz can only create an
even number of domain walls (Fig. 1(a)III). An applied
transverse field increases quantum fluctuations, which re-
sults in domain wall motion. At a quantum critical point
(QCP), there is a transition to a singly degenerate param-
agnetic “quantum disordered” state (Fig. 1(a)IV) where
the elementary excitations are conventional “spin-flip”
quasi-particles that can be created and destroyed indi-
vidually (Fig. 1(a)V). The QCP is in the much studied
1+1 D Ising universality class [3]. In ground breaking
work, Kramers and Wannier [2] showed in 1941 that the
single domain walls (Fig. 1(a)II) and spin-flip quasipar-
ticles (Fig. 1(a)V) can be related to one another by a
so-called duality transformation, so that even a dense
ensemble of domain walls can be transformed exactly to
spin-flips near the QCP. This concept of duality has had
a profound impact on disparate branches of physics, from
high energy and string theory to condensed matter [8–10].
Despite the extensive theoretical impact of the Ising
chain, it has had few material realizations. Coldea et
al. [13] pointed out that CoNb2O6 has features that could
make it an excellent example. Magnetic Co+2 ions, which
tend to have strong uniaxial anisotropy are arranged in
chains that magnetize at low temperature with an easy
axis in the a-c plane. These ferromagnetic chains are
arranged antiferromagnetically in an order that is long-
range commensurate at the lowest temperatures. A mag-
netic field along the b-axis is transverse to the moments
and a field Bc ≈ 5.3 destroys the magnetism at a QCP
(See SI for further discussion on phase diagram). A num-
ber of quantitative observations strengthened the TFIM
picture. At Bb = 0 in the low-T commensurate ordered
state an extremely rich spectrum of nine bound states de-
scribed by Airy function solutions to the 1D Schro¨dinger
equation with a linearly confining potential [13, 14] were
observed. Close to the QCP, scaling of NMR response
consistent with the 1D Ising universality class [15–17]
and a neutron spectral function consistent with an inte-
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FIG. 1: (a) Wavefunctions for the simple transverse field Ising chain, H = −∑i (Jτzi τzi+1 + hxτxi ) in the magnet when J  hx
(I-III) and in the paramagnet when J  hx (IV,V). I. Spontaneous symmetry breaking selects one of two degenerate ground
states II. Non-local single domain wall elementary excitation III. A single spin flip fractionalizes into at least two domain wall
excitations IV. The quantum paramagnet at high transverse field with a singly degenerate ground state. V. A single spin-flip
is the elementary excitation of the paramagnet. (b) Crystal structure [11] of CoNb2O6 showing the zigzag chain of Co
+2 ions
and the edge sharing network of distorted O2− octahedra. Crystallographic a, b, c directions are indicated. (c) In yellow are
indicated the two alternating Ising directions nˆ1 and nˆ2, which by crystal symmetry are related by pi-rotation about the b axis.
The xˆ spin direction is identified with the b-axis. The zˆ spin direction (which lies in a − c plane) also lies in the plane of the
Ising axes and bisects the angle between nˆ1 and nˆ2 and is the direction of polarization of the ferromagnetic moment of the
twisted Kitaev chain. From previous experimental studies [11, 12], we infer that zˆ makes an angle φ ≈ ±31◦ with the c−axis.
From our analysis here we conclude the angle θ that nˆ1, nˆ2 makes with the zˆ-axis is approximately 17
◦. This fixes the Ising
directions with respect to the crystal axes. (d) The dispersion of the single domain wall band is split into two in a fashion
similar to the Su-Schrieffer-Heeger model. The bands evolve with increasing hx. (e) Cartoon of the evolution with hx of the
continua of two domain wall kinetic energies with total momentum, ktot = 0. The continua have three branches, when the two
domain walls are both in the upper band (blue), both in the lower band (green) or when they are in different bands (red).
grable field theory [13] was found. While it appears that
CoNb2O6 is an excellent realization of Ising quantum
criticality, significant deviations from the TFIM have also
been noted [11–13, 18–20]. Here we establish that this
material is in fact described by a different model of fun-
damental interest, the twisted Kitaev chain [21].
In magnetic insulators, absorption spectra using time-
domain THz spectroscopy (TDTS) and Fourier trans-
form infrared spectroscopy (FTIR) can be used to do ex-
tremely sensitive measurements of the quantity ωχ(q =
0, ω), where χ is the zero momentum complex magnetic
susceptibility (See SI). In Fig. 2a we show TDTS ab-
sorption spectra at zero applied field. Above the order-
ing transition at 3K, there are two distinct spectral re-
gions (0.28 - 0.52 THz, 0.52 - 0.75 THz) which can be
attributed to the domain wall excitations. In previous
work the higher energy was assigned to a four domain
wall excitation, but we will see here that both features
result from the novel dynamics of two domain wall ex-
citations in the twisted Kitaev chain model. Below the
ordering temperature the appearance of sharp peaks can
be understood with the assumption that the effect of the
ordering on the 1D chain is as a longitudinal Weiss field
that confines domain walls [13, 14]. In Fig. 2b and c, we
show the absorption plotted as a function of transverse
field at temperatures right above the transition (T = 3K)
and at (T = 1.5K) in the ordered state. This data was
taken with BTHz ‖ b, so it is most sensitive to the ferro-
magnet with the spins in the a− c plane.
Most striking in this data are a number of qualitative
deviations from the simplest TFIM expectations. First,
as also apparent in Fig. 2a, the two domain wall excited
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FIG. 2: TDTS data on CoNb2O6 and theoretical simulations of the twisted Kitaev chain spectral function. a) TDTS absorption
spectra at zero transverse field at temperatures above and below the ordering temperature. (b-c) TDTS absorption shown as
a function of a b-axis field Bb and the frequency of light. (b) The data taken at T = 3K is just above the critical temperature.
In a finite Bb the continua at zero field splits into three broad features with distinct characteristic energy and field dependence.
(c) Data taken below the critical temperature at T = 1.5K. (d-e) Theoretical calculations of the ground state spectral function
A(ω) ≡ ∑α |〈α|∑i τxi |0〉|2δ(ω − Eα) using the density matrix renormalization group method, which provides a map of the
k = 0 excitation spectrum Eα for the twisted Kitaev chain model. A(ω) with (d) hz = 0 and (e) with hz = 0.02 meV.
states have a broad dispersion even at Bb = 0. Since
this dispersion exists both above and below the ordering
temperature, it cannot be generated by mean-field in-
terchain interactions and must be intrinsic to the chain.
This effect is absent in the TFIM at zero transverse field,
where the domain walls would be motionless. The ori-
gin of the effective transverse field has been unclear since
early work [13, 14, 18], but has recently been attributed
to terms beyond the Ising interaction arising in a symme-
try analysis [20]. Since the dispersion scale is comparable
to the gap it is plausible that it has the same origin as
the gap itself, a point we return to below. Second, and
most strikingly, with applied field the spectrum splits into
three features. The lowest energy feature has a thresh-
old for excitations that depends non-monotonically on Bb
and one can see that its bandwidth goes through a mini-
mum at an exceptional field near 2 T. The middle feature
depends weakly on Bb at low fields. Finally the high en-
ergy feature does not decrease in energy (as it would for a
4 domain wall excitation), but surprisingly increases with
increasing field. In the low-T ordered phase, the bound
states fall within the energies of the higher temperature
two particle continua and show the same narrowing of
the band width around 2 T, before increasing again. The
upper energy region even exhibits discrete peaks which
are reminiscent of the lower energy bound states. All of
these aspects are in stark contrast to the TFIM in which
at Bb = 0 the excitations have no dispersion, acquiring
one that scales with the applied field with a monotoni-
cally decreasing gap that goes to zero at the QCP. In the
present case, only beyond a substantial field of Bb ≈ 2T
does one find the kind of gap closing expected from the
TFIM, and only for the low energy excitations does one
find the kind of gap closing expected from the TFIM.
These observations indicate that even at a qualitative
level CoNb2O6 is not described by a simple TFIM.
We now turn to a model for these remarkable obser-
vations. In CoNb2O6, Co
2+ ions are surrounded by an
edge sharing network of distorted octahedra of oxygen
ions forming relatively isolated one-dimensional chains.
Due to the zig-zag structure, c-axis crystal translations
connect a Co ion to its next-nearest neighbors along
the chain (see Fig. 1(b)). It has been argued recently
that with the high symmetry of perfect edge sharing
octahedra, such 3d7 Co ions have a spin-orbit coupled
pseusdospin-1/2 ground state and an Ising interaction
with an easy-axis that is bond-dependent (perpendicular
to the local Co-O exchange planes) [22, 23]. Inspired by
these studies, we assume that the Co-Co nearest neigh-
bor interactions are restricted to the Ising form, but due
to the complex local quantum chemistry from the octa-
hedral distortions we do not constrain the directions the-
oretically, rather we determine them by symmetry and
experimental input. Our model is simplified by the ob-
4servation that once the Ising axis for one bond is fixed
the relative orientations of all others Ising easy axes in
the crystal are constrained by the Pbcn space group. For
example it follows from the c-translation that the Ising
directions must alternate along the chain,
HK = −K
∑
i∈e
(
τ nˆ1i τ
nˆ1
i+1 + τ
nˆ2
i+1τ
nˆ2
i+2
)
, (1)
where τ nˆi = nˆ·~τi is the Pauli operator on the ith site along
the chain projected along the nˆ ‘Ising’ direction and the
sum is taken only on the even sites. We call this Hamil-
tonian the twisted Kitaev chain. It was introduced previ-
ously as a way to interpolate between the Ising chain,
nˆ1 · nˆ2 = 1 and the Kitaev model, nˆ1 · nˆ2 = 0 [24].
The space group Pbcn of CoNb2O6 includes Rpib , a pi-
rotation along the b-axis passing through a Co site. This
operation interchanges nˆ1, nˆ2 leading to the conclusion
that they are related by a pi rotation about the b-axis,
Fig. 1(c). Thus, the Ising axes throughout the crystal
are determined by two angles φ (the angle that the chain-
magnetization makes with the c−axis) and 2θ (the angle
between nˆ1 and nˆ2). We infer based on past work that
φ ≈ 31◦ [12], and as we shall find below θ ≈ 17◦. Gener-
ically (away from nˆ1 · nˆ2 6= 0), the frustration that arises
from the non-collinearity of the Ising axes is released by
forming a ferromagnet that is polarized in a direction
that makes the smallest equal angle between each of nˆ1
and nˆ2 [24]
1, which spontaneously breaks theRpib symme-
try. We argue that it is this mechanism that is respon-
sible for the ferromagnetism in CoNb2O6. As we shall
see the consequence of this frustration is extremely rich
domain wall dynamics, which quantitatively describe the
THz observations. It is instructive to rewrite HK by in-
troducing global xˆ, yˆ, zˆ axes for the spin operators. We
will identify xˆ with the crystal b-axis and zˆ with the
axis orthogonal to xˆ that is also contained in the plane
spanned by nˆ1 and nˆ2 (Fig. 1). In these axes one has,
H = −K
∑
i
[
cos2(θ)τzi τ
z
i+1 + sin
2(θ)τxi τ
x
i+1
+
sin(2θ)
2
(−1)i(τxi τzi+1 + τzi τxi+1)
]
− hx
∑
i
τxi − hz
∑
i
τzi . (2)
We have included magnetic fields along the xˆ and zˆ di-
rections. Since the xˆ and b directions are coincident,
hx is simply the externally applied transverse field, so
hx = gµBBb/2. We will be interested in the regime when
1 An exception is when nˆ1 · nˆ2 = 0. Then the model reduces to
a one-dimensional section of the honeycomb Kitaev model for
which the ground state is pathologically degenerate. Here we are
interested in the more generic behavior.
θ < 45◦ and so the ferromagnet is polarized in the zˆ di-
rection2 In the ordered state, an effective hz term is cre-
ated by the Weiss mean field of the nearest neighboring
chains that are polarized in the −z direction. The oscil-
lating term which has been discussed in another recent
work [20] is allowed because the c-translation symmetry
encompasses two spins. The Ising operation Rpib sends
lattice site i→ −i and rotates the spins about xˆ, and as
expected is a symmetry only so long as hz = 0.
To get intuition for the physics of HK , we consider it
in the limit θ, hx/K, hz/K  1, using degenerate pertur-
bation theory. The unperturbed states are classified by
the number of domain walls present. The largest contri-
bution for the THz response is from the two domain wall
sector which is generated by single spin flips. The pro-
jection of H into this degenerate two domain wall sector
results in three terms: Hd the kinetic energy of single
domain walls (due to K and hx), Hc a linear confining
potential between domain wall pairs (due to hz), and Hl
which is a short range interactions between the domain
walls when they are a single lattice spacing apart. The
kinetic energy of a domain wall is described by,
Hd = −
∑
n
[
(hx + (−1)nK sin(2θ)) (d†ndn+1 + d†n+1dn)
+ K sin2(θ)(d†ndn+2 + d
†
n+2dn)
]
, (3)
where dn destroys a domain wall at a dual site n.
Interestingly to leading order in the perturbations (the
first term), Hd has precisely the form of the Su-Schrieffer-
Heeger model [25] with a modulated strong-weak hop-
ping. In this analogy the single domain walls in CoNb2O6
map to the electrons in polyacetylene. While in poly-
acetylene the electronic motion is fixed by chemistry, here
we can tune the band structure of domain walls by vary-
ing hx, shown in Fig. 1(d). At hx = 0 the hopping alter-
nates sign between bonds which results in the single do-
main wall dispersion relation whose minimum is shifted
by pi/c from that of the TFIM. As a THz experiment
creates two domain walls with ktot = 0, the accessible ki-
netic energies of these excitations exhibit three branches
depending on whether the two domain walls are in the
lower band, in separate bands or both in the upper band,
Fig. 1(e). These three ktot = 0 two domain wall kinetic
energy branches can be identified with three prominent
features in our experimental data. When a longitudi-
nal field is switched on, the linear confining potential Hc
2 Although not central to our discussion here, there are two fam-
ilies of chains that are in all respects identical except they are
rotated about the c-axis by pi with respect to each other. These
two families will thus have a rotated pair of nˆ easy axes and
ferromagnetic polarization. This implies theoretically that two
families of chains will have the same θ but will have ± values of
φ, precisely as observed in early experiments [12].
5breaks the continua into discrete bound states, precisely
as observed at low temperature. As shown in Fig. 1d,
a simple explanation arises for the bandwidth narrowing
that is most prominent at 2T. It corresponds to the nearly
complete localization of the lower domain wall band!
In CoNb2O6, θ is not small and hence the two and
higher domain wall sectors overlap, requiring a full so-
lution of HK for quantitative reliability. This is a hard
many-body problem but one that can be simulated using
density matrix renormalization group and matrix prod-
uct state methods [26]. In Fig. 2d,e we present the result
of such calculations. We use K = 0.57 meV, g = 3.5 and
θ = 17◦. A standard Weiss mean field approximation for
the interchain couplings has been made in which hz = 0
models the behavior of the system just above the transi-
tion (T = 3K) and hz 6= 0 captures the effect of the in-
terchain coupling below the transition (T = 1.5K). The
correspondence to experiment is remarkable, validating
our simple model3. We note that the splitting when the
domain walls are both in the lower band is smaller than
when the domain walls are in the higher band, which can
be traced back to the difference in the effective masses
that the domain walls experience in the lower and up-
per bands, Fig. 1d. There is likely a small transverse
Weiss field from the next nearest neighbor chains, which
explains some of the minor differences.
To understand the field evolution up to and into the
paramagnetic phase, complementary experiments were
performed with FTIR spectroscopy up to 12 Tesla. Here
we used unpolarized light propagating in the b direction,
which gives excellent intensity for all experimental fields.
In Fig. 3a one can see quite clearly the initial narrowing of
the lower energy continuum, coming to a minimum band
width near 2 T. Then the lowest energy edge of the con-
tinuum softens dramatically towards zero near the known
critical point near 5.3 T. In the paramagnetic regime a
single peak appears from low energy and moves to higher
energy with increasing field. This opening and closing of
the gap is direct spectroscopic evidence of the quantum
phase transition. In 3b we plot the energy of lower and
upper edge of the excitations as well as the peak energy
in the paramagnetic regime as a function of transverse
field. As hx is increased the lower edge of the domain
wall continuum first increases but then goes to zero, sig-
naling an instability to domain wall condensation.
Since the phase transition in our twisted Kitaev chain
model is driven by proliferation of domain walls in the
ferromagnetic regime, by arguments of universality we
expect the critical regime to be described by an Ising
field theory. The gap to create elementary excitations
3 Our model captures the THz data which studies the long distance
k = 0 response. A full description of the short distance physics
at large momenta might require further neighbor exchanges [13]
FIG. 3: a) FTIR absorption spectra at 2.5 K tuned with
transverse field of 0 to 12 T in 0.5 T steps from bottom to
top. Spectra vertically offset. Fine structure at the lowest
frequencies arise from multiple reflections in the FTIR setup.
They do not change with temperature or frequency. b) Plot
of absorption energies as a function of transverse Field from
the 2.5 K absorption spectra. Plotted is both the lower and
upper edges of the ‘lower energy’ feature, as well as the peak
energy in the paramagnetic regime. Dashed lines are guides
to the eye with a factor of 2 difference in slope.
will vanish as ∆± ∼ A±|t|zν , where ± refers to the two
sides of the transition, with z=ν=1 (t ≡ (Bb −Bcb)/Bcb).
In the ferromagnetic regime this traces out the edge of
the continuum, whereas in the paramagnetic regime it
is expected to follow the quasiparticle excitation. The
dashed lines in Fig. 3 show that the gap goes to zero
linearly on both sides of the transition consistent with
Ising scaling.
We can make another striking observation. Even
though the amplitudes A± are non-universal, the am-
plitude ratio D = A−/A+, is universal and takes the
value of 2 for the 1+1 dimensional Ising model. This
6follows from the profound physical argument that even
close to the critical point where the system is strongly
interacting, the Kramers-Wannier duality [2] relates the
system at t and −t so that gap to create a domain wall
is the same on one side of the transition as the gap to
create a spin-flip particle on the other side. But because
of the topological conservation law of domain wall parity,
the experimental probe can only create a pair of domain
walls with twice the energy and hence by duality D = 2.
Using a critical field of 5.4 T, we find from our data that
this ratio is 1.9 ± 0.1, which is close to ‘2’ as predicted.
The measurement of this universal number is the first di-
rect evidence for the Kramers-Wannier duality and the
topological conservation of domain wall parity.
We have demonstrated that while CoNb2O6 is an ex-
cellent realization of Ising quantum criticality, microscop-
ically it deviates significantly from the TFIM. Instead,
we have found that the rich domain wall physics uncov-
ered by THz spectroscopy is described by another model
of fundamental interest, the twisted Kitaev chain in a
transverse field. Our model is inspired by a novel spin-
orbit coupled superexchange theory that leads to Kitaev-
like bond dependent interactions and demonstrates that
Co2+ based magnets [27, 28] may be a rich avenue for
the exploration of quantum spin liquid phases.
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Supplemental Material: Duality
and domain wall dynamics in a
twisted Kitaev chain
EXPERIMENTAL DETAILS
Low frequency optical measurements
Time-domain THz spectroscopy (TDTS) [29, 30] at
JHU was performed using a home-built transmission
mode spectrometer that can access the electrodynamic
response between 100 GHz and 2 THz (0.41 meV – 8.27
meV) in dc magnetic fields up to 7 Tesla. In TDTS, one
excites emitter and receiver photoconductive switches se-
quentially with an ultrafast laser to create and detect
pulses of THz radiation. Taking the ratio of the trans-
mission through a sample to that of a reference aperture
yields the complex transmission coefficient T (ω). If the
material is an magnetic insulator with no prominent elec-
tronic low energy degrees of freedom then the resulting
transmission is a function of the system’s complex mag-
netic susceptibility as − ln(T (ω)) ∝ ωχ(q = 0, ω). The
time-varying magnetic field of the pulse couples to mag-
netic dipole excitations in the system. Note that as the
wavelength of THz range radiation is much greater than
typical lattice constants (1 THz ∼ 300 µm in vacuum),
TDTS measures the q → 0 response. The technique al-
lows very sensitive measurements of the magnetic suscep-
tibility at q → 0 and allows the observation of small fine
features that may be not apparent with other spectro-
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FIG. 4: Time-domain THz traces. Voltage is the detected
voltage in the instrumentation, but it is proportional to the
electric field. Multiple echos from the multiple reflections are
seen.Inset is the Fourier tranform of the given time trace. The
fine structure is the Fabry-Perot peaks from standing waves
in the sample.
8scopic techniques. The dc magnetic field was applied in
the b direction and measurements were performed in the
Faraday geometry with the THz propagation direction
parallel to the dc applied field. Particular attention was
paid to ensure alignment of the dc magnetic field with
respect to this axis. The large moment on the Co+2 ion
can give large torques for fields in the b direction. These
problems were ameliorated by a particularly rigid sample
holder, however Hall sensors were installed to monitor for
any alignment changes due to sample torque.
In order to achieve sufficiently high resolution to dis-
cern the very sharp low energy bound states, the time
domain signal is collected for 60 ps. However, as can be
seen in Fig. S4 this long collection time introduces diffi-
culties, as the spectroscopy is being performed on a 600
µm thick single crystal of CoNb2O6 with an index of re-
fraction of ∼ 5.4. With these parameters, reflections of
the THz pulse are observed in the time domain spaced by
approximately 22 picoseconds. These reflected pulses in
the time domain manifest themselves as Fabry-Perot os-
cillations in the frequency spectrum, with an amplitude
large enough to obscure the fine magnetic structure. In
principle sufficient knowledge of the frequency dependent
index of refraction should make it possible to numeri-
cally remove these oscillations, however, in practice the
required level of precision needed in the index of refrac-
tion is too high. Instead, we have developed a method
of data analysis that exploits the fact that the index of
refraction of the material changes fairly slowly with tem-
perature (aside from the absorption due to magnetic ex-
citations) at low temperature, and therefore referencing
between scans with close temperatures (but above and
below the ordering temperature where bound states de-
velop) can remove the oscillations. Our goal is to resolve
the sharp magnetic excitations in the system at a tem-
perature below the commensurate antiferromagnetic in-
terchain ordering temperature ≈ 1.95 K [11, 12]. There-
fore the principal step in the analysis is to divide the
high resolution spectrum at low temperature by a spec-
trum at a higher temperature that does not have the
sharp excitations, to remove the Fabry-Perot oscillations.
The method is discussed in detail in the Supplemental to
Ref. [14].
In addition to the TDTS, Fourier Transform Infrared
(FTIR) experiments were performed at the National In-
stitute of Chemical Physics and Biophysics in Tallin, with
a Sciencetech SPS200 Martin-Puplett type spectrome-
ter with a 0.3 K bolometer. Transmission measurements
were carried out at 2.5 K in a cryostat equipped with a
superconducting magnet. Fields up to 12 T in the Fara-
day geometry were applied. Although a small wedge was
polished into these samples they still show standing wave
interferences at low frequency that must be accounted for
in the analysis.
FIG. 5: a) Phase diagram expected for CoNb2O6 as a func-
tion of transverse magnetic field. Labels correspond to differ-
ent regimes of order or expected behavior. IC= Incommen-
surate order, C = Commensurate order, RC = renormalized
classical, QC = quantum critical, QD = quantum disordered.
In an isolated 1D chain true long range order is only found at
T=0.
Sample preparation
Stoichiometric amounts of Co3O4 and Nb2O5 were
thoroughly ground together by placing them in an auto-
matic grinder for 20 minutes. Pellets of the material were
pressed and heated at 950◦ C with one intermittent grind-
ing. The powder was then packed, sealed into a rubber
tube evacuated using a vacuum pump, and formed into
rods (typically 6 mm in diameter and 70 mm long) us-
ing a hydraulic press under an isostatic pressure of 7x107
Pa. After removal from the rubber tube, the rods were
sintered in a box furnace at 1375◦ C for 8 hours in air.
Single crystals approximately 5 mm in diameter and 30
mm in length were grown in a four-mirror optical floating
zone furnace at Johns Hopkins (Crystal System Inc. FZ-
T-4000-H-VII-VPO-PC) equipped with four 1-kW halo-
gen lamps as the heating source. Growths were carried
out under 2 bar O2-Ar (50/50) atmosphere with a flow
rate of 50 mL/min, and a zoning rate of 2.5 mm/h, with
rotation rates of 20 rpm for the growing crystal and 10
rpm for the feed rod. Measurements were carried out on
oriented samples cut directly from the crystals using a
diamond wheel.
Cut samples were polished to a finish of 3 µm and total
thickness of∼ 600 µm using diamond polishing paper and
a specialized sample holder to ensure that plane parallel
faces were achieved for the THz measurement. The discs
were approximately 5 mm in diameter.
THE PHASE DIAGRAM OF CoNb2O6
A rough schematic of the phase diagram of CoNb2O6
as a function of transverse field is shown in Fig. S5. At
9isolated ferromagnetic 1D chain is expected to have fer-
romagnetic order only at T=0, although there should be
substantial buildup of ferromagnetic correlations at fi-
nite temperature [31]. Couplings to other chains cause
CoNb2O6 to have an ordering at approximately 3K to a
3D incommensurate ordered state and then at ≈1.95K
to a commensurate ordered state where ferromagnetic
chains order antiferromagnetically with respect with to
their neighbors [11, 12]. Although it is clear that these or-
ders exist out to finite transverse field, the precise phase
diagrams is still unknown. The best information on the
phase boundaries thus far comes from heat capacity ex-
periments [17] that show that at least in the incommen-
surate ordered phase, which onsets at zero magnetic field
at 3 K persists out to a critical field approximately 5.3 T.
The phase boundary of the incomensurate phase is such
that one passes through the phase boundary at 2.5K at
2.5 Tesla and at 1.5 K at 4.5 Tesla. We sketch one sce-
nario for the phase boundaries in Fig. S5, but the pre-
cise extent of of the incommensurate and commensurate
phases is unclear. However, the identification of 1 + 1
D quantum criticality in this work, that of Refs. [15, 17],
and the work of Ref. [13] implies a scenario where there
is an effective 2D quantum critical point of an effective
1D system that is found at a field a bit less than the ac-
tual quantum critical point associated with the loss of 3D
long range order in the real material. Spectroscopically
one finds that the effects of ordering on the THz spec-
tra are weak in the incommensurate phase. The sharp
bound state spectra only appear when one enters the low
temperature commensurate state.
NUMERICAL RESULTS
Our Hamiltonian, H, is simulated on an open chain
with L sites, using the iTensor C++ library [26]. We
compute the structure factor, Sxx(ω, k), which is the
Fourier transform of a two-point correlation in space and
time, Sxx(t, x), defined as:
Sxx(t, ri − L
2
) = 〈τxi (t)τxL
2
(0)〉. (4)
The average here is taken in the ground state of H, since
we are working at zero temperature. The matrix prod-
uct state (MPS) approximation of the ground state, |0〉,
is computed using density matrix renormalization group
(DMRG). We then compute |ψ(0)〉 = τxL
2
|0〉 which is time
evolved to get |ψ(t)〉 = e−iHt|ψ(0)〉. Clearly,
Sxx(t, ri − L
2
) = eiω0t〈0|τxi |ψ(t)〉 (5)
where ω0 is the energy of the ground state.
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FIG. 6: Convergence of the spectral function, Sxx(ω, k), plot-
ted against frequency at zero momentum with respect to the
tDMRG parameters is shown (the energy is measured in units
of K). The figure on the left shows convergence with respect
to the Trotter step, δt, where during the time evolution sim-
ulation, singular values ≤ ε = 10−8 and ≤ ε = 10−9 are
truncated for δt = 0.05
K
and δt = 0.01
K
respectively. Here,
a system of size L = 100 with θ = 17◦, hx = 0.3K and
hz = 0.035K is time evolved for tmax =
97
K
with η = 20
t2max
.
The peak positions and intensities do not change very much
on reducing δt from 0.05
K
to 0.01
K
. On the right is the conver-
gence analysis with respect to the truncation, ε, at δt = 0.05
K
.
Here L = 512, tmax =
290
K
and η = 50
t2max
is used. The
curves for different hx have been vertically displaced for clar-
ity: hx = 0.2K, 0.3K, 0.4K, 0.5K data has been plotted from
bottom to top. The curves seem to saturate for ε ≤ 10−8 at
hx = 0.2K, 0.3K and for ε ≤ 10−7 at hx = 0.4K, 0.5K (the
linewidths are larger than the differences in the superimposed
curves).
The structure factor is defined as follows:
Sxx(ω, k) =
∫ ∞
−∞
dt e−iωt
∑
i
eik(ri−
L
2 )Sxx(t, ri − L
2
)
(6)
We compute the structure factor numerically as:
Sxx(ω, k) =
∑
i
eik(ri−
L
2 )
<
[∫ tmax
0
dt e−iωtSxx(t, ri − L
2
)W(t)
]
(7)
Here we use a Gaussian windowing function, W(t) =
e−ηt
2
, in order to avoid artifacts in frequency space when
the time data abruptly ends at t = tmax.
Convergence analysis
The time evolution is carried out up to some maximum
time tmax using time dependent DMRG (tDMRG) algo-
rithm. There are two sources of errors in the simulation:
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Numerical data
θ (degrees) EB/EA EC/EA
14 1.76 1.17
15 1.83 1.17
16 1.9 1.21
17 2.0 1.24
18 2.07 1.28
20 2.31 1.34
FIG. 7: Strategy to fit theoretical model parameter θ to exper-
imental data. Plot of experimental data showing excitation
energies as a function of transverse field (energies extracted
from Fig 2 in main text). We compare the energies at points
A, B and C marked on the experimental plot shown above
with corresponding points in our simulated transverse field
scans for θ = 14◦, 15◦, 16◦, 17◦, 18◦, 20◦. The ratios of the
energies at points B and C, EB and EC respectively, to the
energy at point A, EA, are as shown in the above table. Ex-
perimentally, EB/EA = 1.97 and EC/EA = 1.24. One can see
from the above table, that θ = 17◦ matches the experimental
data the best.
• The Trotter time step, δt: The algorithm used
has a second order error in the time step. We use
δt = 0.05/K in our simulation. The structure fac-
tor at zero momentum is shown to be converged
with respect to δt in Fig 6.
• The singular value cutoff, ε: Singular values of
the matrix product states below a certain thresh-
old, ε, are truncated during the simulation. We
use ε = 10−8 and ε = 10−7 for transverse fields,
hx ≤ 0.4K and hx > 0.4K respectively. The
convergence with respect to this parameter is also
shown in Fig 6.
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FIG. 8: Determining theoretical parameter hz from exper-
imental data. (a) The structure factor at zero momentum
plotted as a function of frequency, ω, for an L = 512 sys-
tem with tmax =
290
K
, η = 50
t2max
, δt = 0.05
K
and ε = 10−9 at
K = 0.57 meV, hx = 0.0 and hz = 0.035K. (b) The excita-
tion energies measured in the experiment are compared with
those measured in the tDMRG simulation of an L = 700 size
system for different values of hz at hx = 0.0. hz = 0.035K
can be seen to match the experiment the best, therefore we
use this value of hz for our simulation. (c) The value of hz
should be determined self consistently from the simulation :
hz = amz where a is a proportionality constant and mz is the
magnetization of the system. It can be seen that the value of
this effective hz does not vary appreciably in the window we
are studying, 0 ≤ hx ≤ 0.6K. Therefore, we keep the longi-
tudinal field a constant, hz = 0.035K, in our simulation.
Fit to model parameters
Our model Hamiltonian, H, has the following fit pa-
rameters, in addition to the twisted Kitaev coupling K
which sets the energy scale (y-axis of Fig. 2 in the main
paper) and the g sets the scale for the magnetic field
(x-axis of main paper):
• Angle, θ: We studied excitation energies as a
function of hx (as shown in Fig 2 in the main
text) for a few different values of θ. We find that
θ = 17◦ matches the experimental data the best as
explained in the caption of Fig 7.
• Longitudinal field, hz: On fixing θ = 17◦, we
find that the excitation energies observed in our
simulations at hx = 0, agree most with those mea-
sured in the experiment for hz = 0.035K and
K = 0.57 meV as shown in Fig 8(b). When hx > 0,
the effective hz which is a self-consistent Weiss field
should decrease due to the reduced magnetization
of the nearest neighbouring chains. However, as
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FIG. 9: Determining the parameter g that sets the scale of
the magnetic field (x-axis of Fig 2 in main text). The numer-
ical data was collected in the window 0 ≤ hx ≤ 0.6K with
θ = 17◦, hz = 0.035K and K = 0.57 meV. The value of g re-
quired to convert hx from units of energy to magnetic field is
determined by requiring that the numerical data matches the
experimental data. The figure shows the comparison of the
lowest energy band from the experiment and the simulation
for g = 3.46.
shown in Fig 8(b), this effective hz does not change
very much in the window, 0 ≤ hx ≤ 0.6K that we
study. Hence we choose hz = 0.035K constant for
all hx in our simulations.
In order to determine the g-factor, g, we require that
the experimental and numerical data match for the cho-
sen scale of the x-axis on Fig 2 of the main text. Fig 9
shows that on choosing g = 3.46, the energies of the
first excited state from the simulation (with θ = 17◦,
hz = 0.035K and K = 0.57 meV) agree reasonably well
with those from the experiment.
Comparison with perturbation theory calculation
In Fig. 10 we show the same DMRG spectral function
data as in the main section of the manuscript and with
the boundaries of the three branches of the two domain
wall kinetic energy that arise from perturbation theory.
This comparison has no fit parameters. We find reason-
able qualitative agreement validating the physical inter-
pretation of the three regions as arising from the band
structure of the domains walls. Corrections to the con-
tinua arise from interaction between domain walls and
higher domain wall states, which we have ignored in the
crude perturbative calculation.
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FIG. 10: Comparison of the boundaries of the three branches
of two domain wall kinetic energy continua calculated in per-
turbation theory (shown in Fig 1(e) of the main text) with
numerical simulation data (shown in Fig 2(d) of main text)
for θ = 17◦, and K = 0.57 meV.
